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Abstract

We present a geometric construction in which the real number line is embedded as a helix
parameterized by Euler’s formula, and prime numbers are marked as distinguished points
on this helix. By connecting consecutive primes with straight-line chords through three-
dimensional space, we define a kinematic thought experiment: two particles traversing the
helix at constant speed, one following the continuous curve, the other jumping between
primes via chords. We show numerically that the ratio of their cumulative path lengths
converges to 1/

√
2 = cos(45), a value determined entirely by the helix geometry. We

observe that this convergence is driven by the prime number theorem, and that the fluctu-
ations around the asymptotic value appear to carry information about the distribution of
prime gaps. The construction also yields several visualizations—a chord diagram on the
phasor circle exhibiting caustic rings, and a phase function plot with diagonal striations—
that provide an alternative way to see patterns in prime distribution. We draw tentative
analogies between elements of this geometric framework and classical results in analytic
number theory, including the Euler product formula, the role of the pole at s = 1, and
the oscillatory corrections from Riemann zeta zeros. This paper is exploratory in nature:
it does not prove new theorems, but proposes a complementary geometric perspective on
prime distribution that may offer fresh intuition and, perhaps, suggest new questions.

Keywords: prime numbers, Euler’s identity, helix geometry, Riemann zeta function, prime
gaps, geometric number theory, phasor circle, invariance

1. Introduction

Euler’s identity, eiθ = cos θ + i sin θ, is conventionally visualized in two dimensions
as the unit circle in the complex plane. As the parameter θ increases, the point eiθ

traces a closed loop, returning to its starting position every 2π radians. This circular
representation, while algebraically complete, discards information: it projects away
the continuous advancement of θ itself.

When we restore the suppressed dimension—plotting (cos θ, sin θ, θ) in three-dimensional
space—the circle unfolds into a helix. This helix is the true geometric object encoded by
Euler’s formula: a curve of constant curvature and torsion that climbs at a fixed angle
of 45 relative to the horizontal plane. The projection from helix to circle is a covering
map, and the topological information lost in this projection is precisely what makes
multi-valued functions like the complex logarithm and the square root subtle [1, 2, 3].
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In this paper, we propose using this helix as a geometric substrate for studying the
distribution of prime numbers. The construction is elementary: embed the real number
line onto the helix by mapping each number n to the point (cos n, sin n, n), mark the
prime numbers as distinguished points, and connect consecutive primes with straight-
line chords through three-dimensional space. We then ask a simple kinematic question:
if two particles traverse this structure at constant speed—one following the continuous
helix, the other hopping between primes via chords—what is the ratio of their progress
along the number line after a given time?

This question, despite its apparent simplicity, turns out to be connected to classical
results in prime distribution theory. We show that the resulting ratio converges, that
its asymptotic value is determined by the helix geometry alone (specifically, the 45
pitch angle), and that its fluctuations around this asymptote appear to reflect the same
prime gap statistics that are captured, in a very different language, by the Riemann zeta
function and its zeros [4]. We do not claim to derive new results about primes; rather,
we explore whether this geometric viewpoint can offer complementary intuition about
known phenomena and perhaps suggest new questions for further investigation.

2. The Helical Number Line

2.1 Embedding

Let the helical number line be the curve H in R3 defined by the parameterization:

H(t) = (cos t, sin t, t) for t ∈ R (1)

This is a helix of radius 1 and pitch 2π, winding around the vertical axis with a
period of 2π radians per complete turn. The tangent vector at any point is H′(t) =
(− sin t, cos t, 1), with constant magnitude

|H′(t)| =
√

sin2 t + cos2 t + 1 =
√

2 (2)

The helix therefore has constant arc length
√

2 per unit advance along the number
line. The angle of inclination relative to the horizontal (x, y) plane is

α = arctan
(

1
1

)
= 45 (3)

This is the unique helix where vertical climb equals horizontal displacement—a
geometric balance point that, as we shall see, determines the asymptotic behavior of
our prime ratio.
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Figure 1: The first 1000 primes embedded on the helix H(t) = (cos t, sin t, t) and con-
nected by straight-line chords. Point color indicates gap size to the next prime (violet
= small gap, red = large gap). The chord-connected structure forms a slightly irregular
tubular surface winding around the helical axis. Helix radius set to 3 with vertical scale
0.125 for visual clarity.

2.2 Prime Points and Chords

Let p1 = 2, p2 = 3, p3 = 5, . . . denote the sequence of primes. Each prime pn is mapped
to the helical point H(pn) = (cos pn, sin pn, pn). We connect consecutive prime points
H(pn) and H(pn+1) with a straight-line chord through R3. The Euclidean length of
this chord is:

dn = ∥H(pn+1)−H(pn)∥ =
√
(cos pn+1 − cos pn)2 + (sin pn+1 − sin pn)2 + (pn+1 − pn)2

(4)
Using the identity (cos a − cos b)2 + (sin a − sin b)2 = 2 − 2 cos(a − b), this simpli-

fies to:

dn =
√

2 − 2 cos(gn) + g2
n (5)

where gn = pn+1 − pn is the n-th prime gap. The corresponding arc length along
the helix for the same interval is gn

√
2.

3. The Two-Particle Experiment

3.1 Setup

We define two particles, both beginning at the first prime p1 = 2 on the helix, both
moving at the same constant speed v:

Particle A (the Helix Walker) travels continuously along the helix H(t). After time
T, it has covered arc length vT, corresponding to an advance of vT/

√
2 along the num-

ber line.
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Particle B (the Chord Hopper) travels exclusively on the straight-line chords con-
necting consecutive primes. Upon reaching prime pn, it immediately departs along
the chord toward pn+1. It never touches the helix after leaving the first prime. After
traversing k complete chords, it has traveled total distance Dk = ∑k

n=1 dn and reached
prime pk+1 on the number line.

3.2 The Convergence Ratio

We define the cumulative path ratio as the total chord-hopper distance divided by the
total helix arc over the same span of number line:

R(N) =

N−1

∑
n=1

dn

(pN − p1)
√

2
=

N−1

∑
n=1

√
2 − 2 cos(gn) + g2

n

(pN − 2)
√

2
(6)

Numerical computation reveals that R(N) converges as N → ∞. For N = 8,000
primes, R(N) stabilizes to approximately six decimal places, with the fluctuation band
in the last 10% of values narrowing by an order of magnitude compared to the first
10%.

Figure 2: Convergence of R(N) for the first 8,000 primes. Top row: cumulative ratio
R(N) ≈ 0.719, helix arc length, chord path length, and the 28.08% shortcut saved by
hopping. Bottom left: R(N) versus N, showing rapid convergence toward 1/

√
2 ≈

0.70711 with a last-10% fluctuation band of only 2.56 × 10−4. Bottom right: local ratio
rn = dn/(gn

√
2) per prime gap, colored by gap size, with horizontal reference lines for

gaps g = 2, 4, 6, 8.

3.3 Asymptotic Value and the 45 Connection

The convergent value of R(N) approaches 1/
√

2 ≈ 0.70711. This is not a coincidence.
For a prime gap gn, the chord length is dn =

√
g2

n + 2 − 2 cos(gn). For large gaps, the
g2

n term dominates the oscillating cosine correction, giving dn ≈ gn. The ratio of chord
to arc then approaches

dn

gn
√

2
≈ gn

gn
√

2
=

1√
2

(7)
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Since the prime number theorem implies that prime gaps grow on average as ln(pn)

[11], large gaps dominate the sum asymptotically, and R(N) → 1/
√

2. The value
1/

√
2 = cos(45) is precisely the cosine of the helix’s pitch angle—the ratio of vertical

advancement to arc length traveled. In the limit, the chord hopper effectively “cuts
out” the winding and travels nearly vertically.

3.4 The Fluctuation Term

The deviation from the asymptotic value,

δ(N) = R(N)− 1√
2

(8)

carries information about the distribution of small prime gaps. For a gap g = 2
(twin primes), the chord length is

√
4 + 2 − 2 cos 2 ≈ 2.614, while the helix arc is 2

√
2 ≈

2.828. The local ratio is approximately 0.924, significantly below 1. For g = 6 (the most
common small gap), the local ratio is approximately 0.986. Only for large gaps does
the ratio approach 1.

The fluctuation δ(N) is therefore a weighted measure of the frequency of small
prime gaps among the first N primes. If the twin prime conjecture holds and there
are infinitely many gaps of size 2, then δ(N) receives persistent corrections that decay
but never fully vanish. The rate of this decay encodes information about the density
of prime pairs—the same information captured by the Hardy–Littlewood prime pair
constants Cg [11, 15].

4. The Position Ratio

Since both particles travel at speed v, after time T they have each covered distance vT
along their respective paths. However, because the chord hopper’s path is shorter per
unit of number-line advance, it reaches a further position on the number line in the
same time.

The helix walker, having traveled arc length vT, reaches number-line position vT/
√

2.
The chord hopper, having traveled the same distance vT along chords, reaches approx-
imately position

positionB ≈ vT√
2
× 1

R
≈ vT√

2
×
√

2 = vT (9)

The chord hopper advances along the number line at effectively speed v, while the
helix walker advances at v/

√
2. The hopper is faster by a factor of

√
2 in terms of

number-line progress.
The geometric meaning is immediate: the helix walker loses exactly cos(45) of its

effort to winding. The chord hopper, by cutting through the interior of the helix, recov-
ers nearly all of the winding energy. The residual difference—the fact that the recovery
is not exact—is the signature of the primes: it is the toll that their irregular spacing
charges for the shortcut.
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5. The Phasor Circle and Caustic Rings

5.1 Projection onto the Unit Circle

Projecting the helix vertically onto the (x, y) plane maps each prime pn to the point
eipn = (cos pn, sin pn) on the unit circle. The chords connecting consecutive primes on
the helix project to chords on this circle. This phasor circle is precisely the Euler circle,
viewed from above.

When several hundred such chords are drawn, a striking pattern emerges: concen-
tric ring-like structures appear within the chord web. These are not artifacts of the
visualization but are geometric caustics—envelope curves where chords of similar an-
gular span concentrate.

Figure 3: The phasor circle: projection of the prime helix onto the unit circle. Chords
connecting consecutive primes eipn and eipn+1 form a web exhibiting concentric caus-
tic rings. Each ring corresponds to a specific prime gap size g, with radius rg =
cos((g mod 2π)/2). The brightness of each ring is proportional to the frequency of
the corresponding gap among the 2,000 primes shown.

5.2 Caustic Radii and Prime Gap Frequencies

A chord connecting two points on the unit circle separated by angle ∆θ has a perpen-
dicular distance from the center of cos(∆θ/2). All chords with the same angular span
are tangent to an inner circle of this radius. For prime gaps, ∆θ = gn mod 2π, so each
gap size g produces a caustic circle at radius:

rg = cos
(

g mod 2π

2

)
(10)

The visual brightness of each ring is proportional to the frequency of the corre-
sponding gap size among the primes—directly related to the Hardy–Littlewood con-
stants Cg. The most prominent inner ring corresponds to g = 2 (twin primes) at radius
cos(1) ≈ 0.540. Each caustic ring is therefore a geometric harmonic of the prime gap
spectrum, making the chord diagram a kind of optical Fourier analysis of prime gaps.
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6. The Prime Phase Function

Define the prime phase function as

θ(n) = pn mod 2π (11)

mapping each prime index to an angular position on [0, 2π). By Weyl’s equidistri-
bution theorem [12], since 2π is irrational, the sequence {θ(n)} is equidistributed on
[0, 2π). However, the sequential structure of θ(n)—how it jumps from value to value—
encodes the prime gap distribution.

Figure 4: The prime phase function θ(n) = pn mod 2π plotted against the prime index
n for 2,000 primes. Diagonal striations emerge from runs of similar-sized gaps. Each
diagonal band corresponds to a sequence of consecutive primes with approximately
constant gap g, producing angular increments of g mod 2π per step. Vertical drops
mark large prime gaps where the phase wraps around multiple times. The mean θ ≈
3.127 is close to the uniform expectation of π ≈ 3.142, confirming equidistribution.
This pattern constitutes a geometric spectrogram of the prime distribution.

When θ(n) is plotted against n, a distinctive pattern of diagonal striations emerges,
falling from upper-left to lower-right. These diagonal bands arise because runs of
similar-sized gaps produce sequences of approximately constant angular increment.
A run of gaps of size g creates a diagonal with slope g mod 2π per prime index. The
most common gap sizes (2, 4, 6) produce the dominant diagonals.

These diagonal structures are a geometric analogue of the oscillatory corrections
in the explicit formula for the prime counting function [4, 14]. Each non-trivial zero
ρ = 1

2 + iγ of the Riemann zeta function contributes a periodic correction to π(x) with
frequency γ. In the θ(n) plot, these corrections manifest as the interference pattern of
diagonal bands—a geometric spectrogram of the primes produced without any ana-
lytic machinery.
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7. Connection to the Prime Number Theorem

The prime number theorem (PNT), proved independently by Hadamard and de la
Vallée-Poussin in 1896 [6, 7], states that the number of primes up to x satisfies

π(x) ∼ x
ln x

(12)

An equivalent formulation is that the average gap between consecutive primes near
x grows as ln x. This logarithmic growth is precisely what drives the convergence of
our ratio R(N).

To see this, consider the local chord-to-arc ratio for a single gap gn:

rn =

√
2 − 2 cos(gn) + g2

n

gn
√

2
(13)

For the cosine correction term, we can write 2 − 2 cos(g) = 4 sin2(g/2) ≤ 4, which
is bounded. Therefore:

rn =

√
g2

n + O(1)
gn
√

2
=

1√
2

√
1 +

O(1)
g2

n
=

1√
2
+ O

(
1
g2

n

)
(14)

As the PNT guarantees that gaps grow on average as ln pn, the correction terms
O(1/g2

n) become negligible in the cumulative average. The ratio R(N) converges to
1/

√
2 because the prime number theorem ensures that large gaps—where the chord is

nearly as long as the gap itself—dominate the sum asymptotically. In our geometric
language: the prime number theorem is the statement that, on the helix, the chord hopper
eventually stops feeling the curvature of eiθ.

8. Euler’s Product Formula and the Helical Product

8.1 The Classical Product

Euler’s product formula establishes the fundamental connection between the zeta func-
tion and the primes [5]:

ζ(s) =
∞

∑
n=1

1
ns = ∏

p prime

1
1 − p−s for Re(s) > 1 (15)

This identity says that the smooth analytic object on the left (a sum over all integers)
is generated entirely by the primes on the right. There is a loose structural parallel
with our construction: the sum over all integers resembles the continuous helix (the
smooth, regular structure), while the product over primes resembles the chord hopper
(a construction built from prime-to-prime jumps). We note this analogy with caution—
it is suggestive rather than formal.

8.2 The Helical Analogue

Our construction mirrors this relationship. The helix walker’s total arc length from p1
to pN is:

DA(N) = (pN − p1)
√

2 (16)
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This is a smooth, continuous quantity that depends on the span of the number
line covered, analogous to the sum side of Euler’s product. The chord hopper’s total
distance is:

DB(N) =
N−1

∑
n=1

√
2 − 2 cos(gn) + g2

n (17)

This is a sum constructed entirely from the prime gaps—the local structure of the
primes—analogous to the product side. The ratio R(N) = DB/DA is then a geometric
version of the relationship between the two sides of Euler’s identity: a smooth global
quantity (the helix arc) is approximated by a sum built from the local prime structure
(the chords).

The convergence of R(N) may be seen as a geometric echo of the convergence of
the Euler product: both reflect the fact that the primes, despite their irregular spac-
ing, collectively account for the structure of the integers in a surprisingly regular way.
Whether this parallel extends beyond analogy remains an open question.

9. The Pole at s = 1 and the 45 Pitch Angle

9.1 The Dominant Singularity

The Riemann zeta function ζ(s) has a simple pole at s = 1 with residue 1. This pole is
the dominant singularity that controls the asymptotic behavior of the prime counting
function. In the language of analytic number theory, the PNT follows from the fact that
ζ(s) has no zeros on the line Re(s) = 1, combined with the pole at s = 1 [4, 10].

The Laurent expansion near s = 1 is:

ζ(s) =
1

s − 1
+ γ + O(s − 1) (18)

where γ ≈ 0.5772 is the Euler–Mascheroni constant. The pole term 1/(s − 1) gives
the leading behavior π(x) ∼ x/ln x, while the constant γ and higher-order terms pro-
vide corrections.

9.2 The Pitch Angle as the Pole

In our construction, the 45 pitch angle of the helix plays a role that is reminiscent of the
pole at s = 1, though the analogy should not be pushed too far. The correspondence is
as follows:

The pole at s = 1 determines the leading-order growth rate of the prime counting
function. The pitch angle α = 45 determines the leading-order ratio R(N) → cos α =

1/
√

2. Both are “structural constants” that depend on the embedding geometry, not
on the primes themselves.

If we were to vary the helix pitch (using a helix of the form (cos t, sin t, βt) with
β ̸= 1), the asymptotic ratio would change to cos(arctan(1/β)). This is analogous
to studying ζ(s) at different values of Re(s): the behavior changes, but the primes’
contribution remains the same. The 45 helix (β = 1) is the natural choice, just as s = 1
is the natural point at which the pole of ζ governs the PNT.
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The Euler–Mascheroni constant γ in (18) has a potential analogue in the leading
correction to R(N). If we write

R(N) =
1√
2
+

c
ln pN

+ o
(

1
ln pN

)
(19)

the constant c would encode the average effect of the cosine correction term, weighted
by the gap distribution, and may bear a relationship to γ. This remains to be investi-
gated numerically.

10. The Critical Line, Zeta Zeros, and the Music of the Primes

10.1 The Explicit Formula

The connection between primes and the zeta zeros is made precise by the explicit for-
mula [4, 8]:

ψ(x) = x − ∑
ρ

xρ

ρ
− ln(2π)− 1

2
ln
(

1 − 1
x2

)
(20)

where ψ(x) = ∑pk≤x ln p is the Chebyshev function and the sum runs over all non-
trivial zeros ρ of ζ(s). The leading term x corresponds to the PNT. Each zero ρ = β+ iγ
contributes an oscillatory correction xρ/ρ, whose magnitude depends on β = Re(ρ)
and whose frequency depends on γ = Im(ρ).

10.2 The Music of the Primes

The phrase “the music of the primes,” popularized by du Sautoy [16] and rooted in
the work of Berry, Keating, and others [17, 18], refers to the interpretation of the ex-
plicit formula as a Fourier-like decomposition. The prime counting function π(x) is a
staircase—it jumps by 1 at each prime. This staircase can be reconstructed as a super-
position of “notes,” one for each zeta zero:

π(x) ≈ Li(x)− ∑
ρ

Li(xρ) (21)

where Li(x) =
∫ x

2 dt/ln t is the logarithmic integral. Each zero ρ contributes a
wave with frequency γ/(2π) (the imaginary part of ρ) and amplitude governed by
1/|ρ|. The lower zeros produce long-wavelength oscillations; the higher zeros add
finer detail. Together, they reconstruct the exact staircase of primes.

10.3 The Geometric Spectrogram

Our θ(n) plot (Figure 4) is a geometric realization of this music. Each diagonal striation
in the plot corresponds to a run of similar-sized prime gaps, which in turn arises from
the interference pattern of the zeta zero oscillations.

To see this connection explicitly: a zero at ρ = 1
2 + iγ contributes a correction to

the prime counting function that oscillates as cos(γ ln x). In terms of the prime index
n, since pn ≈ n ln n by the PNT, this oscillation becomes a function of n with a slowly
varying period. The diagonal bands in the θ(n) plot are the visual envelope of these
oscillations, projected onto the circle via the helix embedding.
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The vertical drops in the θ(n) plot—where the phase wraps around multiple times
due to a large prime gap—correspond to moments where the zeta zero oscillations
constructively interfere to produce a “prime desert.” The dense diagonal regions cor-
respond to destructive interference, where the oscillations cancel and primes cluster
together.

10.4 The Critical Line and the Helical Fluctuations

The Riemann hypothesis (RH) asserts that all non-trivial zeros lie on the critical line
Re(s) = 1

2 . In the explicit formula (20), a zero at ρ = β + iγ contributes a term of
magnitude ∼ xβ/|ρ|. If β = 1

2 for all zeros (i.e., RH is true), then the total oscillatory
correction is bounded by O(

√
x log2 x), giving the best possible error term in the PNT

[9].
In our construction, this translates to a statement about the fluctuation δ(N). The

cumulative ratio R(N) can be decomposed as:

R(N) =
1√
2
+ δ(N) (22)

The fluctuation δ(N) is driven by the deviation of individual chord ratios rn from
1/

√
2, which in turn is determined by the distribution of small prime gaps. If we write

the chord hopper’s total distance as:

DB(N) =
N−1

∑
n=1

dn =
N−1

∑
n=1

gn
√

2 · rn =
√

2
N−1

∑
n=1

gn · rn (23)

then:
R(N) =

∑ gn · rn

∑ gn
= r g (24)

where r g is the gap-weighted average of the local ratios. The fluctuation δ(N) there-
fore measures how much the gap-weighted average local ratio deviates from the limit
1/

√
2. This deviation is controlled by the frequency of small gaps, which is in turn

controlled by the zeta zeros via the explicit formula.
If all zeros lie on Re(s) = 1

2 (RH), then the error in the prime counting function—
and hence the irregularity of the gap distribution—is bounded as tightly as possible,
and one would expect δ(N) to decay roughly as:

δ(N) = O
(
(ln pN)

2
√

pN

)
(25)

We emphasize that this is a heuristic expectation, not a proven result. A rigorous
derivation of the decay rate of δ(N) from the distribution of zeta zeros would require
substantially more analysis and is left for future work.

If there existed a zero off the critical line at Re(ρ) = β > 1
2 , it would contribute

a larger oscillation ∼ pβ−1
N to the gap distribution, potentially causing δ(N) to decay

more slowly. This would manifest in our convergence plot as more persistent wobbles
in R(N).

The smoothness of convergence observed in Figure 2 is consistent with RH, though
of course it does not constitute evidence for it in any rigorous sense—numerical com-
putation over finite ranges cannot probe the asymptotic behavior that RH governs.
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10.5 The Critical Line as Geometric Balance

There is a suggestive—though speculative—geometric interpretation of the critical line
within our framework. On the helix, the chord length dn =

√
g2

n + 2 − 2 cos(gn) has
two components:

• The vertical (number-line) component: gn

• The horizontal (angular) component:
√

2 − 2 cos(gn) = 2| sin(gn/2)|

The critical line Re(s) = 1
2 represents the exact balance point in the complex plane

where the “growth” direction (Re(s)) and the “oscillation” direction (Im(s)) are in equi-
librium. On our helix, the 45 pitch angle represents the exact balance point where
vertical advancement and horizontal winding are equal. The convergence of R(N) to
cos(45) = 1/

√
2 is, in this reading, a geometric echo of the critical line’s position at the

midpoint of the critical strip.
This analogy is speculative and we present it only as an observation that may war-

rant further investigation. It is entirely possible that the parallel is superficial. Never-
theless, both the critical line and the 45 helix do represent balance points where two com-
peting geometric tendencies—growth versus oscillation, climbing versus winding—
are in equilibrium, and we find it worth noting.

11. Geometric Invariance

The convergence results of the preceding sections rest on an important observation: the
asymptotic ratio R(N) → 1/

√
2 is determined entirely by the pitch angle of the helix

and is not specific to the primes. Any sequence of points with gaps growing on average
(as the prime gaps do, by the PNT) would produce the same asymptotic ratio. In this
sense, the convergence is a property of the helix geometry and the average growth rate
of gaps, not of the specific arithmetic of primes.

We might call this geometric invariance: the large-scale statistics of prime spacing
are robust under this particular embedding. The primes do not “know” they have
been placed on a helix rather than a line; their large-scale distribution comes through
unchanged.

One may observe a parallel with the Riemann zeta function. The analytic continu-
ation of ζ(s) is itself a kind of embedding: integers are mapped through n−s where s is
complex, and the resulting function is studied on a two-dimensional manifold. For this
to faithfully encode prime distribution, the primes’ statistical properties must survive
the mapping. Whether our geometric invariance and the analytic invariance underly-
ing ζ(s) are related in any precise sense is unknown, but the structural resemblance is
suggestive [13].

We note honestly that the convergence of R(N) to a geometry-determined constant
is not itself surprising—it follows from the bounded cosine correction and the growth
of gaps. What is perhaps more interesting is the fine structure: the specific way δ(N)
fluctuates, and whether the rate and pattern of those fluctuations can be connected to
known quantities in analytic number theory. This is the question we leave for future
work.
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12. Correspondence Between Constructions

We summarize the correspondence between elements of the helical construction and
elements of classical prime distribution theory in Table 1.

Table 1: Correspondence between the helical construction and classical prime distribu-
tion theory.

Helical Construction Classical Theory

R(N) → 1/
√

2 Prime Number Theorem: π(x) ∼
x/ln x

δ(N) = R(N)− 1/
√

2 (fluctuations) Oscillatory terms from zeta zeros

Rate of convergence of δ(N) Error bound in PNT; connected to RH

Smooth decay of δ(N) Consistent with all zeros on Re(s) = 1
2

45 pitch angle = cos−1(1/
√

2) Pole of ζ(s) at s = 1

Helix arc / chord hopper ratio Euler product: ∑ n−s = ∏p(1− p−s)−1

Caustic rings on phasor circle Hardy–Littlewood constants Cg

Diagonal striations in θ(n) Spectral decomposition via zeta zeros

Vertical/horizontal balance at 45 Critical line at Re(s) = 1
2

Geometric invariance of R Validity of analytic continuation of
ζ(s)

13. Discussion and Future Directions

The construction presented here does not prove any new theorem about primes, and
we wish to be clear about its limitations. The convergence of R(N) → 1/

√
2 follows

from elementary analysis once the prime number theorem is assumed; it is not itself
a deep result. The analogies we draw to the Euler product, the pole at s = 1, and the
critical line are suggestive parallels, not rigorous correspondences. The visualizations,
while striking, display known properties of prime gaps in a new geometric format
rather than revealing previously unknown structure.

The value of this work, if any, lies in translation: it renders the content of the prime
number theorem and related results in a geometric and kinematic language that may
be accessible to those without background in complex analysis. A student who un-
derstands helices, particles, and chord lengths can see phenomena that the Riemann
zeta function computes. We also hope that looking at familiar objects from an unfa-
miliar angle may occasionally suggest questions that would not arise in the classical
framework.

Beyond pedagogy, several directions merit further investigation:

1. Manifold invariance. We conjecture that R(N) → cos(α) for any helix of pitch angle
α, and more broadly that the prime gap statistics are invariant under embedding
onto any smooth manifold. Testing this on tori, spheres, and surfaces of variable
curvature would establish the scope of the invariance.
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2. Convergence rate. The rate at which δ(N) → 0 should be related to the error term
in the prime number theorem. Under the Riemann hypothesis, this rate would be
O(p−1/2

N log pN). Numerical investigation of this connection is ongoing.

3. Caustic ring analysis. The brightness profile of the caustic rings provides a direct
geometric measurement of prime gap frequencies. Comparing this profile against
the Hardy–Littlewood predictions for Cg offers a novel empirical test of those con-
jectures.

4. Spectral analysis of θ(n). Fourier analysis of the prime phase function θ(n) should
reveal peaks at frequencies corresponding to the imaginary parts of zeta zeros. This
would establish a direct, constructive link between the helical embedding and the
Riemann spectrum.

5. Alternative number sequences. Applying the same construction to other arithmeti-
cally interesting sequences (semiprimes, prime constellations, primes in arithmetic
progressions) may reveal comparative geometric signatures.

14. Conclusion

Euler’s identity, read as a three-dimensional object, is a helix. Primes, placed on that
helix and connected by chords, generate a geometric structure whose properties reflect
— in a new visual language — the classical results of prime distribution theory.

The two-particle experiment — helix walker versus chord hopper — yields a con-
vergent ratio R(N) → 1/

√
2 = cos(45). This convergence is ultimately a consequence

of the prime number theorem and the geometry of the helix, not a new discovery about
primes. But the construction makes the PNT visible in an unusually direct way: the
chord hopper “cuts out” the winding, and the rate at which it does so is governed by
how prime gaps grow.

The fluctuation term δ(N) = R(N) − 1/
√

2 is where the finer structure of the
primes appears. We have drawn tentative connections between this term and the os-
cillatory corrections from zeta zeros, and between the caustic rings on the phasor circle
and the Hardy–Littlewood gap constants. These connections remain at the level of
analogy and observation. Establishing any of them rigorously would require substan-
tial further work.

We offer this paper in a spirit of exploration. The helix is eiθ given a body. The
chord hopper is a way to walk through the primes in three dimensions. Whether this
perspective can eventually contribute to the deep open questions of analytic number
theory — or whether it remains a pedagogical and visual tool — is a question we
cannot yet answer. We hope it is at least a useful way to look at an old problem from a
different angle.
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